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Abstract— In this paper, the G'/G - expansion method is used to seek exact traveling wave solutions of Regularized Long Wave

(RLW) equation with the aid of symbolic computation. Some new and more general solutions, trigonometric function, hyperbolic
function and rational function are constructed. The obtained results are justified the general G'/G -expansion method [20-26]. It is

found that the solutions obtained by G'/G -expansion method are similar to the solutions given by general G'/G -expansion

method. All constructed solutions are verified to satisfy the RLW equation by Maple software and some are found to satisfy the
given equation and some are found as the modified forms of other solutions.

Index Terms— Regularized Long Wave (RLW) equation, Traveling Wave, G'/G -expansion, General G'/G -expansion, Nonlinear

Evolution Equation (NLEE), Homogeneous balance.

1 Introduction

Nonlinear Evolution Equations (NLEEs) play

an important role in different areas of
Mathematical Physics such as Fluid Dynamics,
Water Wave Mechanics, Plasma Physics, Solid
State Physics, Optical Fibers and Quantum
Mechanics as well as their applications. Therefore
the solutions of NLEEs are highly desirable to the
scientists and engineers for analysis and practical
purposes. With the invention of symbolic
computation software such as Maple,
Mathematica and Matlab in the past few decades a
number of significant numerical and analytic
methods such as Cole-Hopf transformation
method [7,8], Variational iteration method [9],
Tanh function method [10,11], Jaccob-elliptic
function method [12,13], Exp-function method [14],
Homogeneous balance method [15], Hirota bilinear
method [16], Auxiliary equation method [17], F-
expansion method [18,19] and so on have been
developed to search explicit traveling wave
solutions of NLEEs arising in Mathematical
Physics.

Recently, Wang et all. [1] proposed a new method
known as G'/G -expansion method to find the

exact traveling wave solution of NLEEs. This
method is applied in some literatures as for
example Z. L. Li [2], Zhang [3], Zayed and Gepreel
[4], Malik et al [5] and Bekir [6] to investigate the
traveling wave solutions of some useful NLEEs.
Moreover, they have shown that the GY/G-

expansion method is direct, concise and very
effective to solve some NLEEs involving higher
order nonlinear terms. Further research has been
carried out to modify this method. Recently, Zayed
and Zhou [20-25] have been proposed modified
G'/G -expansion method. From the literature

point of view, it is known that the RLW equation,
introduced by Peregrine [27] for modeling the
propagation of unidirectional weakly nonlinear
and weakly dispersive water waves, is one of the
model partial differential equation of the nonlinear
dispersive ~ waves which has  numerous
applications in different areas such as ion-acoustic
waves and magneto-hydrodynamic waves in
plasma, longitudinal dispersive waves in elastic
rods, pressure waves in liquid-gas bubble mixtures
and rotating flow down a tube. In spite of its
applications in many fields, the equation is
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insufficiently studied to explore the exact traveling
wave solutions which are necessary to recapitulate
the dynamics of the traveling waves in different
applications.

In this paper, the RLW equation is solved using the

G'/G -expansion method and the solutions are

verified with the solutions obtained by the general
G'/G -expansion method. Moreover, the obtained

solutions are compared with the solutions

constructed by many researchers, such as [28-30].

The rest of the paper is organized as follows:
Section 2 describes the G'/G -expansion method to

find out exact traveling wave solutions of NLEEs.
In section 3, application of this method to the RLW
equation is illustrated. Section 4 deals with the use

of general G'/G -expansion method to witness the

solutions gained in this paper. In section 5, results
and discussion with graphical representations are
explained. Finally conclusions are given in section
6.

2 The GY/G -expansion method

We assume that the nonlinear evolution equation
in two variables, namely x and t is given by

F (U, Uy, Uy, U, Uyyyenn) = 0 1)

whereu(x,t)is an unknown function, Fis a
polynomial in u(x,t) and subscripts are indicating

partial derivatives involving the highest order
derivatives and nonlinear terms. The main steps of

the G'/G -expansion method are given as follows:

Step 1:
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First we use the following traveling wave
transformation to express the independent
variables X and t by the variable¢.

u(x,t) =u(g), & =x-ct )

where £is a traveling wave variable and cis the

wave velocity, which permits us to transform the
equation (1) into the Ordinary Differential
Equation (ODE) of the form:

F(uu,u",..)=0 3)
Step 2:

We suppose that the solution of equation (3) can be

expressed by a polynomial in G as follows:
n i
G
u@) =) al — 4
Q) 20 .(Gj @)

where a; s are constants to be determined such that
a, cannot be zero at the same time and G =G(¢)

satisfies the following second order nonlinear ODE
G"+AG"+uG =0 (5)

where A and u are real constants and

2
o 96 o, _d’C

- i

Step 3:

To determine the positive integer n appearing in
equation (4), we consider the homogeneous
balance between the highest order derivative and
highest order nonlinear term appearing in the
equation obtained by substituting equation (4) into
equation (3).

Step 4:
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Substituting n into equation (4) and then equation

(4) to the equation (3) yields a polynomial in e

Equating the coefficients of this polynomial to
zero, we obtain a set of algebraic equations in
a;,c,Aand . Solving the system by algebraic

computation, values of a;,c, A and u can be found.

Step 5:

Finally, substituting the general solution of
equation (5), values of @;,C,A, 4 and equation (2)
into the equation (4) we avail more traveling wave
solutions of equation (1).

3 Application of the method

We consider the following Regularized Long Wave

G
Equation to apply the S expansion method.

Uy + Uy, +auu, — fu,,, =0 (6)

where o and f are non-zero arbitrary constants.

Using the traveling wave transformation (2), the
equation (6) transformed into the nonlinear ODE

—CU'(§) +U'(5) + au(S)U'(£) +cpu"(£) = 0 @)

Integrating equation (7) with respect to & reduces

to
—ou(@) +U(E) + St (§) A +K =0 (®)

where K is an arbitrary constant and prime

denotes the derivative with respect to &.

Now, substituting equation (4) into equation (8)
and making the homogeneous balance between u”
and u? we have n=2. Therefore the solution of
the equation (6) is of the following form:
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. N2
W) =g + al(%] +a, [%j )

where a,,a8, and a, are non-zero constants.

Using equation (9) in equation (8) with the help of

G
equation (5) yields a polynomial in ry and setting

1
the coefficients of (%) ,i=01,2 equal to zero we

obtain a system of algebraic equations in
ag,8y,8,,4, 1 and K as follows:

63ca, +%aa§ =0

10pcla, +2cfa, + caqa, =0

—ca, +3fcla, + 4fci’a, +8fcua, + aaga, +a, + %aaf =0

6/8cAua, + cAay + 2cufay + aaya, —cay +a; =0
—cay + fciua, +%aa§ +ag+2cu’fa, +K =0
Solving the above system of equations for

ag,8y,8,,4, 4 and K by Maple -17 software we

have the following results:

_ el +8cup-c+l _ 12fcA
0 o v a
azz—%, c=c and
[04
K- P BPAt —8cP upP A +16c°u’ B —c? +2c-1

2a
(10)

where 1 and u are free parametersand a =0 .
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The general solution of equation (5) is given by

G() = Cle[%i%m]f +c, e(’?%ﬂ};

(11)
Substituting the equation (11) in equation (4) yields the following solutions:

I Hyperbolic function solution

When A% — 41 > 0 we obtain

sin 5\/_ +V COS SJ_
JZU '{ JV h[ ]

A
Up(§)=ag+ay ——+ -

: U co Sh[é\/_J-l-V smh[(’t‘/_J

£VA en))
\/X U smh( }LV cosh(zj

+ (12)

g U cosh[(’g\/_j +V smh((’t‘/XJ
2 2

NN

where A= 2% —44,U=C;+C,,V=C,—C,and &=x—ct
II Trigonometric function solution

When A% — 41 > 0 we obtain
2
AR

Usm[g\/_} Vcos{g\/_}
Uy(§)=ag+a| —— -
e 2 Ucosh[é\/_J+Vsmh{§\/_]

Usm{g\/_J Vcos{c’g\/_J
_A_NA 2
2 Ucosh(gfj+Vsmh{§\/_j

+a,

(13)

where A=2* 44, U=C;+C,,V=C,—C,and &=x—ct
IT Rational function solution

When A2 — 41 > 0 we obtain

2
A, G A G
us(&) = a0+al( 5 C1+C2§j+a2( 2+C1+C2§j (14)

where A= 2% 44, U=C;+C,,V=C;—C,and &=x—ct

Substituting (10) into the general solutions given by equation (12) to (14) we get the following family of exact

traveling wave solutions:
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Familyl. (Hyperbolic function solutions)

Casel. (U,V =0)

[ 122 2
U smh{w] +V cosh[é“l_ﬂ'ﬂ]

B +8cuf—c+l  12pca| A AP 4/1 2

Uy (8) =- a +- o _E+ - -
U cosh[(’a“/1 }rv sinh[W}

2 a— —
_12pel 2, VA2 —4u

a 2 2 2 2
- 224
U cosh{W] +V sinh[ézﬂl

where & =x—ct

(15)

Case2. (U =0,V %0)

2 2
Uy, (&) = %[— 3c 0’ coth(%@/f = 4/1) +12C/1,b’coth(%§\/ﬂz - 4;1) +2cBA% —8cuf +c¢ —1} (16)

where & =x—ct

Case3. (U =0,V =0)

2 2
Uy (&) = é(— 3cpA? tanh(%@/f - 4/1) +12cup tanh(%z,%/lz - 4/1) +2¢84% —8cuf+c —1] 17)

where & =x—ct
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Family2. (Trigonometric function solutions)
Casel. (U,V =0)

SVA —4u /12_4'u]+Vcos[§Mz_4’uJ
2

Usin
B2 +8cuf-c+l  128cA| A A2—du [ 2
Upa(8) =- o +- -=-

a 2 2 2 2
A5 -4 A5 -4
U cos| u +V sin u
2 2
2 (18)
_ 224 224
U sin éfﬂ +V cos ffu
12| A AA-4u
a 2 2 2 2
A5 -4 A5 -4
U cos SVA 4w +V sin d ad
2 2
where & =x—ct
Case2. (U =0,V %0)
2 2
1 2 1 2 1 2 2
uzyz(f):—[—Sc[M cot(5¢f A —4;1) +12c;z,6c0t(5§ A —4;1) +2cpA —8C,u,b’+C—l] (19)
a

where & =x—ct
Case3. (U =0,V =0)

2

2 2 2
—2cBA? cot(%g /12—4;1] +80yﬁcot(%§\//12—4ﬂj +30ﬂ/12—ccot[%§ /12—4;1) —12c;zﬁ+cot(%§ ,12—4;1J

Up3(8) = 5
1 2
aCOt(Ef A —4;1}
(20)
where & =x—ct
Family3. (Rational function solutions)
Casel. (C;,C, #0)
A% +8cuf—c+1  6CBA(C,EA+CiA—2C,) 3ch(C,EA+CiA-2C, )

Ugy () = - 1 up + 1 ( 26 1 2)_ ﬂ( 26 1 2) 1)

a(Cyé+Cy) a(Cyé+Cy )

where £ = x—ct and C;,C, are arbitrary constants.
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Case 2. (C, =0,C, #0)

cpA? +8cuf—c+1 . 6cpAEA-2) 3cp(EA-2f
(Zé‘ aé‘z

Ugp () =— (22)

where & =x—ct

As far as I know that the solutions presented by equation (15) to equation (22) have not been constructed in
former research. Although the integrating constant K, occurred in equation (8), have significant effect on
solving the system of equations but it has not taken into account in the previous literatures [28-30].

4 Verification of the solutions

In this section, the general — - expansion method is applied to check the constructed solutions in section 3.
G

Assume that the solution of equation (6) can be express in the following form

N -1 , N2
u)=a_, (%] + a{%} +ap+a; [%J +a, (%j (23)

where a_,,a_;,8,,8;and a, are non-zero constants.

Using equation (23) and equation (5) in equation (8) gives a polynomial in reS and setting the coefficients of

AN
(%) ,i=-2,-1,0,1, 2 equal to zero we obtain a system of algebraic equations in a_,,a_4,84,8;,8,,4, 4 and K

as follows:
1 2
64ca, +Eaa2 =0
10pcla, +2cfa, + caqa, =0

—ca, +3fcia, +4ci’a, +8fcua, + aaya, +a, +%aa12 =0

6/8cAua, +CPA%a, + 2Cufa, + 0a,a_; + adya, —Ca, +a, =0

%aag —Cay + ficlay +aa_,a, +aa_qay +2fca_, + fciuay +ag +2cu’ fa, + K =0
cfA*a, +2cufa_, +6chAa_, +0a ,a +0a 8, —ca, +a, =0

3fcuia g +4cpi’a_, +8chua_, + aa_ya, +%aafl ~ca,+a,=0
2’ Pa_, +10cupla_, + @ _,a ;=0

6/cu’a_, +%aafz =0
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Solving the above system of equations for a_,,a_;,34,8;,8,,4,4 and K by Maple-17 software we have the

following results:

Set 1.
2 p—
. :_cﬂﬂ +8cup c+1, al:_12ﬁc/1, a, :_12,30’ c—c and
a a a
K _ PPt -8t B A +16c° u’ 7 —c? +2c-1
2a (24)
where 1 and g are free parametersand « =0 .
Set 2.
2 2 _
. :_M, a, :_12,80;1 a, :_c,B/l +8cup C+l,a1 ~0,a,=0, c=c and
a a a
K = CPBPA —8cPupPA® +16¢° P 7 —c® +2c -1
2a (25)

where 1 and g are free parametersand « =0 .

It is certain that the obtained results given by (24) and (10) are identical.

5 Results and Discussion

We have investigated the obtained solution by
putting them back to the equation (8) using the
Maple-17 software. It is notable that the familyl
and family3 satisfy the equation (8) directly and

family?2 satisfies for a special condition as family3
which is not specifically found in previous
literatures. Furthermore, by taking the specific
values of A,u,a,fand c the dynamics of

acquired exact traveling waves are presented from

figurel to figure7 with the aid of computational
software Maple-17.

Figl. A=3 u=la=2p=1andc=5
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Fig2. A=3 u=la=2p=1andc=.5 Figd. A=3 pu=la=2p=1andc=.5

Figd. A=3u=la=2p=1landc=5 Figs. A=3 u=la=2p=1andc=.5
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6 Conclusion

In this article, the RLW equation is inquired and
successfully explored some new exact traveling

wave solutions by using the e expansion

a

method. The acquired solutions include hyperbolic
function  solutions, trigonometric  function
2 % 10" - solutions as well as rational function solutions with
arbitrary constants where the trigonometric
function solutions are not the explicit solutions.
The constants provide enough freedom to

construct exact travelling wave solutions which
may be used to study real structure of the
considered physical problem. In addition, the new

t solution structures and physical phenomena of the
considered NLEE are convenient to understand

from the provided graphs.
Figs. A=4p=La=1p=1andc=5
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