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Soliton Solution to the (3+1)-dimensional 
Kadomtsev-Petviashvili Equation by the 

Tanh-Coth Method 
Anwar Ja'afar Mohamad Jawad,     Ali A. J. Adham 

 

  Abstract Exact travelling wave solutions are obtained to the (3+1)-dimensional Kadomtsev-Petviashvili equation and (2+1)-
dimensional equation by means of the tanh-coth method. New solitary wave solutions are got. The method is applicable to a 
large variety of nonlinear partial differential equations. The outcome of this method will be powerful to solve (3+1)-dimensional, it 
was difficult to obtain the solution in this case. 

 

Index Terms: Exact solution, Kadomtsev-Petviashvili equation, tanh-coth method, nonlinear partial differential equations. 

——————————      —————————— 

1. INTRODUCTION 
oliton can be defined as a solution of a 
nonlinear partial differential equation. 
Solitons are found in many physical 

phenomena. Solitons arise as the solutions of a 
widespread class of weakly nonlinear dispersive 
partial differential equations describing physical 
systems. Solitons are solitary waves with elastic 
scattering property. Due to dynamical balance 
between the nonlinear and dispersive effects these 
waves retain their shapes and speed to a stable 
waveform after colliding with each other. One 
basic expression of a solitary wave solution is of 
the form [1]: 
 

)(),( txftxu λ−=                                    (1) 
where λ  is the speed of wave propagation. For

0>λ , the wave moves in the positive x 
direction, whereas the wave moves in the negative 
x direction for 0<λ . 
Travelling waves, whether their solution 
expressions are in explicit or implicit forms are 
very interesting from the point of view of 
applications. 
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These types of waves will not change their shapes 
during propagation and are thus easy to detect. Of 
particular interest are three types of travelling 
waves: the solitary waves, which are localized 
travelling waves, asymptotically zero at large 
distances, the periodic waves, which rise or 
descend from one asymptotic state to another. 
Recently, algebraic method, called the mapping 
method [2-3], is proposed to obtain exact 
travelling wave solutions for a large variety of 
nonlinear partial differential equations (PDEs). 
This method includes several direct methods as 
special cases, such as tanh-function method[4], 
sech-function method, and tanh-coth method[5]. 
 

1.1. The Kadomtsev-Petviashvili (KP) Equation 
     The nonlinear dispersive equation formulated 
by Korteweg and de Vries  (KdV) in its simplest 
form is (1+1) dimensional equation and is given 
by [6]: 

06 =+− xxxxt uuuu                                 (2) 

with ),( txuu =  is a differentiable function. 
We shall assume that the solution ),( txu , along 
with its derivatives, tends to zero as            | x |→ 
∞. 
           In 1970, Kadomtsev and Petviashvili 
generalized the KdV (1+1) dimensional equation 
to two space variables (2+1) dimensional equation 
and formulated the well-known Kadomtsev-
Petviashvili equation to provide an explanation of 
the general weakly dispersive waves [7]. They 
developed this equation when they relaxed the 
restriction that the waves be strictly one-
dimensional of the KdV equation.  

1.2. The (2+1)-dimensional Kadomtsev-
Petviashvili equation  
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The (2+1)-dimensional Kadomtsev-Petviashvili 
equation is given by: 

0.)6( =++− yyxxxxxt uuuuu α       (3) 

where ),,( tyxuu =   is a real-valued function 
of two spatial variables x and y, and one time 
variable t, and  α  is a constant scalar. When 

0=α , Eq. (3 ) reduces to the KdV equation  
Eq.(2).  When  0<α , the equation is known as 
the KP-I equation which is a good model when 
surface tension is strong and dominates in very 
shallow water. However, for 0>α , the 
equation is called the KP-II equation which is a 
good model when surface tension is weak or 

absent. In other words, the coefficients 0>α
and 0<α  are used for weak surface tension 
and strong surface tension respectively. This 
means that the two KP equations have different 
physical structures and different properties. The 
KP equation is used to model shallow-water 
waves with weakly non-linear restoring forces. It 
is also used to model waves in ferromagnetic 
media. Several analytical and numerical 
approaches were employed to solve the KP 
equations. The KP solutions have been studied 
extensively to derive periodic and soliton 
solutions.[1] 

1.3. The (3+1)-dimensional modified Korteweg-
de Vries (kdV) equation 
The (3+1)-dimensional modified Korteweg-de 
Vries (kdV) equation is given by [8]: 

 06 2 =++ xyzxt uuuu                              (4) 
and the Solitary wave solution is given by 

][
sec),,,(

321321

32

δ+−++

±=

tccczcycxc
hcctzyxu

            (5) 

1.4. The (3+1)-dimensional KP equation  
 
The (3+1)-dimensional KP equation given by 
[9,10].  

0)()6( =++++ zzyyxxxxxt uuuuuu α    (6) 
        Mohammed [11] constructed new exact 
traveling wave solutions of the (3+1) dimensional 
Kadomtsev-Petviashvili (KP) equation, in which 
the homogeneous balance method is applied to 
solve the Riccati equation and the reduced 
nonlinear ordinary differential equation, 
respectively. 
    Peng et al [12] obtained exact travelling wave 
solutions in terms of the Jacobi elliptic functions to 
the (3+1)-dimensional Kadomtsev-Petviashvili 
equation by means of the extended mapping 
method. 

        This paper aims to implement tanh-coth 
method to determine solitary solution for the 
(3+1)-dimensional KP equation. 

2. OUTLINE OF TANH-COTH METHOD 
 For a given nonlinear evolution equation, say, in 
four variables 

0)..........,,,,,( =xxzyxt uuuuuuP                                                               
                                                                                   (7) 
We seek a travelling wave solution of the form: 

  
)(),,,( ξUtzyξu =

, and 

0θωβαξ ++++= tzykξ
                             

                                                                                   (8) 

Where 0,,,, θωβαk  are constants.  The 
following chain rule   

,
ξ
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converted the PDE Eq.(3), to an ordinary 
differential equation ODE 

0.),.........,,,( ////// =UUUUQ     (9)                                                                          
with Q  being another polynomial form of there 
argument, which will be called the reduced 
ordinary differential equations of Eq.(9). 
Integrating Eq.(9) as long as all terms contain 
derivatives, the integration constants are 
considered to be zeros in view of the localized 
solutions. However, the nonzero constants can be 
used and handled as well. Now finding the 
traveling wave solutions to Eq.(9) is equivalent to 
obtaining the solution to the reduced ordinary 
differential equation Eq.(9).       
       The key step is to introduce the ansatz, the 
new independent variable  

)tanh(ξ=Y                                                     (10) 
that leads to the change of variables: 

 dY
dUY

d
dU )1( 2−=
ξ  
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                                                                                 (11) 
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 The next step is that the solution is expressed in 
the form [12] 

 ∑∑
=

−

=

+=
m

i

i
i

m

i

i
i YbYaU

10
)(ξ         (12) 

 where the parameter  m  can be found by 
balancing the highest-order linear term with the 
nonlinear terms in Eq.(9), and 

mm bbaaak ,....,,,....,,,,,, 110ωba
are to be determined. Substituting Eq.(12) into 
Eq.(9) will yield a set of algebraic equations for

mm bbaaak ,....,,,....,,,,,, 110ωba
because all coefficients of Y have to vanish. 
Having determined these parameters, knowing 
that m is positive integer in most cases, and using 

Eq.(12) we obtain analytic solutions ),( txu  ,in a 
closed form.  
     The hyperbolic functions can be extended to 
trigonometric functions by using the complex 
form. So that a tan-function expansion solution 
generates from a tanh function expansion solution 

for )tan()tanh( ξξ iiY == , and a cot-
function expansion solution generates from a coth 
function expansion solution for 

)cot()coth(1 ξξ iiY −==−
.  The tanh-coth 

method seems to be powerful tool in dealing with 
nonlinear physical models [13]. 

3. APPLICATIONS 
3.1. Exact solutions to the (3+1)-dimensional 

KP equation 
  The (3 + 1)-dimensional KP-I  equation is given 
by [9,10]: 

0)(3)6( =+−++ zzyyxxxxxt uuuuuu
                                            

                                                                                 (13) 
This explains wave propagation in the field of 
plasma physics, fluid dynamics, etc. Soliton 
simulation studies for Eq.(13) have been done by 
Senatorski et al. [14].   
To study the travelling wave solutions to Eq.(13), 
substitute )(),,,( ξUtzyξu = , and 

0θωβαξ ++++= tzykξ  into Eq.(13) 
and integrating twice, we have: 

0
2
3

)](3[

22

22//4

=+

+−+

Uk

UkUk βαω
           (14) 

we postulate tanh series , and the transformation 
given in Eq.(10), so that Eq.(14) reduces to: 

0
2
3

])1()1(2[

22

2

2
2224
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UkAU

dY
UdY

dY
dUYYk

      

                                                                                (15) 
where: 

     )](3[ 22 βαω +−= kA       (16) 
Now, to determine the parameter m, we balance 
the linear term of highest-order with the highest 
order nonlinear terms. So, in Eq.(15) we balance 

2U with  
//U  , to obtain: 

m+2 = 2m , then m = 2.  The tanh-coth method 
admits the use of the finite expansion for : 

2
2

1
1

2
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3

2
2
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and  
4

2
3

12 622 −− ++= YbYbaU //
 

                                                                                (17) 
Substituting /// ,UU from Eq.(17) in Eq.(15), 

then equating the coefficient of 
iY , i= 0, 1, 2, 3, 

4, -1, -2, -3, -4  leads to the following nonlinear 
system of algebraic equations: 
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Solving the nonlinear systems of equations (18) 

we can get 01 =a ,  
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k
A )(3 22 βαω ++

= , and 01 =b with 

the following cases: 
Case 1 

 
2
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2 2ka −= , 
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2 2kb −= ,
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)](coth)(tanh
3
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Case 2 
2

0 4ka = , 
2
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2
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( )]coth)(tan2[2 222

2 ζζ −−= hku        (20) 
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                                                                                 (26) 
    Results of solving (3+1) dimensional KP in this 
paper are compatible with that results obtained by 
Wazwaz [15] for the (2+1) dimensional KP 
equation.     

For 0 1,k 0 ==== θβα , the solitary 
solution in Eq.(19) becomes: 

( )

)]22(coth

22tanh
3
2[2),,,(

2

2
1

tz x+y

tz x+ytzyxu

+++

+++−=                                                                                    

                                                                                 (27) 
and is shown in figure (1) for given zy,x,t,   
. 

 
Figure (1) Solitary solution for  1y0.1 ≤≤ ,

1x0.1 ≤≤ , 0z0,t ==  

3.2.  Exact solution to the (2+1)-dimensional 
equation 

The (2 + 1)-dimensional equation 
024 =+−− xxxyxxyxyxxt uuuuuu      (28) 
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Substituting )(),,( ξUtyξu = ,and  

0θωαξ +++= tykξ  into Eq. (28) and 
integrating once with zero constant, we have: 

03 2/////2 =−+ ukuuk αωα           (29) 
we postulate the following tanh series , and the 
transformation given in Eq.(4), then Eq.(29) 
reduces to: 

0])1[(3])1[(])1(

)1(6)13)(1(2[

222
3

3
32

2

2
22222

=−−−+−+

−−−−

dY
dUYk

dY
dUY

dY
UdY

dY
UdYY

dY
dUYYk

αω

α

                                                                                 (30) 
Now, to determine the parameter m, we balance 
the linear term of highest-order with the highest 
order nonlinear terms. So, in Eq. (30) we balance 

2/U with  
///U  , to obtain m+3 = 2m+2 , then 

m=1.  The tanh-coth method admits the use of the 
finite expansion for : 

1
110

−++= YbYaaU  

and  2
11

/ −−= YbaU  , 3
1

// 2 −= YbU , 

and 
4

1
/// 6 −−= YbU                 (31) 

Substituting ////// ,, UUU from Eq.(31) in Eq. 

(30), then equating the coefficient of 
iY , i= 0, 2, 

4, -2,-4  leads to the following nonlinear system of 
algebraic equations: 
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Solving the nonlinear systems of equations (32) 
we can get: 

ka 21 −= , αω 216k−= , kb 21 −=  

)]16coth(

)16[tanh(2

0
2

0
2

0

θaa

θaa

+−++
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    (33) 

Or 

)]16(2coth[4 0
2

0 θαα +−+−= tkykxkαu
                                                                                  

                                                                                 (34) 
Remark:  the solitary solution (34) is verifying the 
problem equation in (28).  

For 0,5.0,1 00 ==== θαkα the 
solitary solution in Eq.(33) is 

]4coth[21),,( tyxtyxu −+−=  
and is shown in figure (2). 

 
Figure (2) solitary solution u(x,y)  for 0.5t = , 

1x0.1 ≤≤ , 1y0.1 ≤≤ . 

4. CONCLUSION 
      The exact travelling wave solutions to (3+1)-
dimensional KP and (2+1)- dimensional equations 
have been studied by means of tanh-coth method. 
It can be easily seen that the implemented 
methods used in this paper are powerful and 
applicable to a large variety of nonlinear partial 
differential equations. 
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